Thermodynamic Formalism in Holomorphic
Dynamics

Minicourse by Fabrizio Bianchi and Mary Yan He
Notes by Alexander Paschal

June 2-6, 2025

We will first introduce the main concepts and questions of thermodynamic formalism in the setting
of one-dimensional holomorphic dynamics. We will see how the complex setting often allows us to
overcome the need for hyperbolicity assumptions usually made to study these problems in more general
settings. We will then move to higher dimensions. Holomorphic dynamical systems in higher dimensions
exhibit different behaviors from those in dimension 1, as holomorphic maps are not necessarily conformal
anymore and several classical theorems in complex analysis no longer hold in several complex variables.
We will introduce a volume dimension for measures with positive Lyapunov exponents as a dynamical
replacement for the Hausdorff dimension and discuss its applications.
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Lecture 1

Fix a polynomial f : C — C of degree d (though the following results also hold for rational maps f : ¢ - @). For
example, we could take f(z) = z%. In this case, {z € C : |z| = 1} is stable under the action of f and is called f's
Julia set, which is often denoted by J(f) or simply J. Meanwhile, {z € C: |z| > 1} is unstable and is called f's
Fatou set. Another example, which gives rise to the famous Mandelbrot set, is f(z) = z° 4+ C for some C > 0. If
C >» 0 (that is, C is much bigger than 0), then the limit set of f is a Cantor set. In general, this f is not uniformly
hyperbolic, since the critical point 0 can be found in its Julia set. A symptom of this problem is that there may
exist fixed points z with |f'(z)| = 1. Such points are classified as parabolic, Siegel, and Cremer, depending on their
rationality and the behavior of f near them. In dimension 1, both of these problems are “finite” in the sense that the
number of critical points and the number of points satisfying |f’| = 1 are < d — 1. This makes dimension 1 “nice”
and does not generally hold in higher dimensions.

We now view the action of f on C as a dynamical system. The following theorem is a classical result that we seek
to generalize, due in various parts to Lyubich, Freire-Lopez-Mafé, Brolin, Dinh-Sibony, Bianchi-Dinh, and others:

Theorem 1.1. There exists a unique measure of maximal entropy p with supp y = J such that
(1) for almost every a, u, := % Zf”(b):a 0p — 1,

(2) % Zf”(z):z 6)‘ — H
(3) Lyap(k) > 0, and
(4) for 8 = d, |(py — 1, @)1= < |12

Another classical theorem that we will generalize is due to Mafé-Manning:



Theorem 1.2. Given p from Theorem 1.1, we have h,(f) = Lyap(u)dimy(u), where dimy denotes the Hausdorff
dimension of a measure.’

Remark 1.3. Theorem 1.2 holds for all ergodic measures v which are invariant on J. Further, by a theorem of
Przytycki, Lyap(v) > 0 for all such v.

Let us now build up to trying to sketch the proof of Theorem 1.1(3), falling a little short but communicating the
main idea. We define log™(z) := max(log(z), 0) and

G(z) := lim %log+ |f7(2)].
G is known as the Green function, and it is Holder continuous and subharmonic. Let's also define an operator dd° by
dd“u = (Au) Lebc

for u € C?, where A is the Laplacian and Lebc is the Lebesgue measure on C.2 Note that dd®can act on continuous
functions in a distributional sense. We state without proof that g = dd“G, which we will use below.

Now for our proof attempt. Note that we can write f’' = d|_|7:_11 (z — ¢;), where the ¢; are the critical points of f.
We calculate

Lyap(k) = /loq |f'| du

d—1
= logd+Z/log|z—c,—|du
j=1

d—1
= logd+Z/log|z—c]|dd°C
j=1

d—1
=logd+) 0,G
j=1
d—1
=logd +) G(c))
j=1
> logd.

The obvious problem is in the third line, where we applied Stokes’ theorem without considering the resulting
boundary terms. We will take for granted that if you do this calculation correctly, the resulting quantity is still
positive.

Note that f*y = dp and thus f.p = p (the definition of this pullback is a little nuanced); that is, y is invariant.
With this observation, we now seek to generalize Theorem 1.1. Let ¢ : P' — R be “well-behaved” (we'll take it to
be Holder for now and define this notion more carefully in Lecture 2). There are two natural generalizations of
Theorem 1.1.

(1) Finding a measure p, which maximizes the pressure of our system, which is defined to be

sup {hv(f) + /(pdv} ,

where the supremum is taken over all invariant probability measures. Such a measure is known as an
equilibrium state.
(2) Similarly to Theorem 1.1(1), we'd like to find a measure m,, which 5 3, _, e??)8, converges to for almost
every a.
Note that (1) and (2) are separate goals since we do not necessarily have that m, is a probability measure. Some
prior work in these directions is summarized below:

Theorem 1.4 (Denker, Przyticki, Urbanski, etc.). Suppose ¢ is Holder and satisfies Q(¢p) := max; ¢ —min; ¢ < logd.
Then, there exist unique measures p,, my, with u, = p,m, for some continuous function p,.

For g : P' — R (or C, but we will stick to R), we define

Logly):= > eMg(y), (1.2)
flx)=y

TWe'll define this in Lecture 3.
The notation dd®is motivated by the following standard definitions from complex analysis: d= %(0 +9) and d°= 17(0 —9).



the Perron-Frobenius transfer operator with weight ¢. L, satisfies L,p, = Ap, and Lim, = Amy, for some A, which
implies that f.u, = p, (exercise). Further, we have pressure(y,) = logd, h,, (f) > 0, supp p, = J, and Lyap(uy) > 0.
Finally, we can apply Mafié’s aforementioned formula (Theorem 1.2) to see that h, (f) = Lyap(p,) dimp(py).

To finish today’s lecture, we state the following theorem:?

Theorem 1.5 (Bianchi-Dinh). For all f as above and every 0 <y < 2,q > 0, there exists a norm |-|ioqe S ||e S |-|cv
depending on f such that, for all ¢ with |¢|s < oo and Q(¢) < log d, we have

(1) |%|. < Blgle for some B < 1 and all g with (g, m,) =0 and

(2) the operator t — L4y is analytic with respect to the | - |4 norm.

Lecture 2
As promised, we define the log” seminorm and space. For any p > 0 we let

Igliog := sup |g(a) — g(b)|(log™ d(a, b))
a,beC

and say that g € log” when |g|,y» < c0. Now we can begin.

Our goal is to understand the Perron-Frobenius transfer operator defined in (1.2). More precisely, we'd like to
find a Banach space (E,|-|) such that £, : E — E

(1) has a spectral gap, and

(2) is analytic in ¢; i.e., the map t +— L,y is analytic (note the similarity to Theorem 1.5(2)).

As a refresher, we first consider the case where ¢ = 0. Recall that every z has d preimages under f counting

multiplicities, that, for every n,
T ok 1

fr(w)=z

is a probability measure, and that the limit as n — oo satisfies the conditions of Theorem 1.1.
Now, let ¢ : P! — R and consider the sequence of measures

Hpon = Z eSw(W)gwl
fr(w)=z

where S,¢(w) is the n-th ergodic sum @(w)+@(f(w))+- - -+@(f"~1(w)). If we assume that Q(p) = max;(@)—min,(¢) <
log d, and that, for some p > 2 and all x,y € P', we have

1
(1 + [log d(x, y)[)»

lo(x) — o(y)| <

(this is weaker than the Holder property), then we have the following two theorems:

Theorem 2.1 (Denker-Przytycki-Urbanski, Urbanski-Zdunik, Bianchi-Dinh). These exists an invariant probability
measure i, with supp i, = J, a A > 0, and a continuous function p, : P' — R such that, for almost every z € P',

1
ATU(p,z,n g P<p(Z)m<p,

where mg, 1= p;1u¢. Further, the points in f~"(z), with weights, are equidistributed with respect to m, for large n,
and p, is an equilibrium state.

Theorem 2.2. For all g > 0,0 < y < 2, there exists a norm | - oo + | - |log? < |- |e < |- |cv depending on f such that,
when |@le < 00,

(1) there exists B = B(|¢le) < 1 such that

L
‘j\g — ., and

< Blg—(my, g)p

(my, g)p

(2) the map t L,y is analytic in t.

3We'll define the log? seminorm in Lecture 2.



From these theorems, we obtain numerous statistical properties of our system: when ||, |u]e < 00, the sequence
uo f"is “almost like” i.i.d. random variables on (IP”,u(p) in that it satisfies the local central limit theorem, the
Berry-Essen theorem, the almost sure invariant principle, and more.

We now work towards a proof of Theorem 2.1. Letus define

Z eS""’(X)g(x)

fr(x)=y

By duality, we have A™"L{g — p,. For simplicity, we will assume ¢ € C’,g=1andletl,=L"1,1;= —”.
The first thing we want is a bound on the oscillation given by a bound on dd% something like

0 <ddg < ddh = Q(g,r) < Q(h,r),
where Q(g, r) := sup{Qg(g) : B is a ball of radius r}. We can, indeed, obtain something (weaker) of this flavor:

Lemma 2.3.
(1) If0 < dd°g < ddh, then Q(g, r) < Q(h,\/r) + AV/r for some constant A.
(2) If |[dd“g,| < R for continuous potentials (g,), then the family (g,) is equicontinuous.

In the spirit of Lemma 2.3(2), we want to find a uniform (measure) R such that |dd“1%| < R. We calculate,

dd‘L, =dd°[ > e

fn )

Y e dec (F(x Zd(p(fk ) A dep(F(x))

fr(x)=y k,¢=0

’

which gives the bound

dd15] S > (e¥d) Q(1;_) gl 2L Lebe . (2.1)
j=0

We still need to estimate the oscillation of the potential on the RHS of (2.1), for which we use the following lemma:

Lemma 2.4. Up to addition of a Holder continuous function, the potential of Z;’io(eo(‘/’)/d)/f,{_1 Lebc is given by*
Y i _o(e™9]d)u; where

(1) uj is Y -Holder, and

(2) |ujloo S & forall 5 < d.

Lemma 2.4 implies that }_7_,(e®?/d)/u; € log? for all p and thus |1}]ie < G, for all n, p. With a little work,
one can show that this meltes 1% — p, where p is the unique equilibrium state of our system, giving Theorem 2.1
modulo several omitted technical details.

Now for Theorem 2.2. We once again first consider the case where ¢ = 0. In this case, our desired norm is known.

Definition 2.5 (Dinh-Sibony). Let R* (resp. R™) be the positive (resp. negative) measure given by the Hahn
decomposition of dd°g. We then define |g|psp = min |R*].

We calculate
fg

1 1
< —|f,RT —f.R | = — .
] < d| | d|9|DSH

DSH
If we attempt the same calculations on dd“L,g, we get

dd'Lyg(y) ~ Y e?™)dd°g + g(x)e? ddp + e?Mag(x)dp(x) + e?Mp(x)dg(x)
=y

The operator dd“is complex, but L, performs a non-complex perturbation (f). This makes the terms in red hard to
control, and motivates the search for a weaker norm: one that gives bounds on dd®and reqularity.

4By this we mean ddCZ}’:O(eQ(‘/’)/d)fuj = Z‘/’io(eﬂ(‘/’)/d)/fi;1 Lebg.



As an initial idea, we can consider a norm like |- |, :Z | [psh + | |iog- In this norm, we have [dg Adh|, < |gl,|hlp,
but we still fall short: note that

dd°Llg pRelt?) Ly j _
?7 < n c j—1 c .
p» N(d)fddg+Z( ) An/ A ddp + - - -,
the potential of which is
ddecn Qo) Loy i )
A‘”gi(e ) f”g+Z( ) = R (2.2)

It is hard to control the terms in red and thus to determine the reqularity of the RHS of (2.2). For this, we have the
following two results:

Lemma 2.6. For all A> 1, there exists a constant c, such that |d’ff,{(p|logp < A |@iog-

Theorem 2.7 (Bianchi-Dinh). If |¢|, < oo, then |f/<p/d/|oo — 0 exponentially (with precise bounds).

.

These results imply that
ddcﬁng

09 8o .,
) e (5

for some explicit g < p, so [A7"L{ gl — 0 uniformly in g.
Now we seek a spectral gap. Let

‘Cg Ig J q
= flo € log

o

|Rlap :=min{c: R < CZ o/ f1S for some |S|, < 1}.
i

We have |f.R|q) < 1 2|Rla,p by definition. This gives

dd“Lig Qo) MNeoigl
7 < f" c ¢ f/—1 c
T A () e () [ 5]
a,p a,p
el £o'g] g
() 5 (5 |2

< ¢plddglep — 0
We can extend | - |5, to @ norm on continuous functions by letting |g|q,, := |dd“g|q . We calculate

|dd(gh)|ap = |g dd°h + h dd°g + idg A Oh + i0hdg].,
< 1gloo|ddhla,p + |h]oo]dd gla,p + |idg A oh + ioh /\ég|a,p,

but again the term in red is hard to control. We therefore change the definition of | - |, , acting on continuous
functions to |g|(21'p := |idg A 0g|ap- -

The |-|4,, norm satisfies almost everything we want—we even have, in the spirit of Lemma 2.3, that idgAdg < dd°h
implies Q(g, r) < Q(h, r), although the proof is quite involved. All we still need is the upper bound in Theorem 2.2.
To obtain this y-Holder-like norm, we perform an interpolation, defining

|glapy :=min{c: for all 0 < € < 1, there exist g, g2 such that g = g, +g2,|g2|ec < 00, and |g¢|a, < c(1/€)'"}.

Our desired norm is then | - |4 :=| - |oo + | - |a,p,y» cOmpleting the sketch of the proof of Theorem 2.2.
For more details on this part of the minicourse, we refer the reader to [BD24].

Lecture 3
We provide some history on this topic as we proceed to the higher-dimensional realm.

Sullivan proved that a rational map f : C — C with degree > 2 has no wandering domain: letting U be a
connected component U, f7(U) is eventually periodic. He was inspired by an analogous result in geometric group



theory known as the Ahlfors finiteness theorem. A Kleinian group is a discrete subgroup of PSL(2, C) = Isom™ (H?).
An example of a Kleinian group is the fundamental group of a closed hyperbolic 3-manifold. The Ahlfors finiteness
theorem says that, given a finitely generated Kleinian group ' with region of discontinuity Q, ['/Q has a finite
number of components, each of which is a compact Riemann sphere with finitely many points removed.

Since this connection was discovered, there have been many results translating results from geometric group
theory to complex dynamics—to fill in “Sullivan’s dictionary.” This can only be pushed so far though, as there are
nonexamples such as the following. For Kleinian groups, Agol and Calegari-Gabai established the Ahlfors measure
conjecture (equivalent to the tameness conjecture), which states that the limit set of a finitely generated Kleinian
group is either the entire Riemann sphere or has Lebesgue measure 0. In contrast, we have the following theorem in
complex dynamics.

Theorem 3.1 (Avila-Lyubich, Buff-Chéritat). There exists a quadratic polynomial f whose Julia set has positive
Lebesgue measure.

In the last 20 years, this connection has been further explored by generalizing Kleinian groups to Anosov groups
(or representations) and rational dynamics to the study of rational maps acting on higher-dimensional complex
manifolds. We focus on furthering the connection between these two areas through dimension theory.

Now we move to the higher-dimensional realm. Recall that in the 1-dimensional case, our stated results were
valid for rational maps. In the higher-dimensional case, we work with the following class of functions.

Definition 3.2. Suppose F : Ck*' — CK*1 satisfies F~1(0) = {0} and F = (f, ..., f¢), where the f/'s are
homogeneous polynomials of uniform degree d > 2. Then F descends to a map f : CP* — CP* which we call a
holomorphic endormorphism with algebraic degree d.

Fix a holomorphic endomorphism f : CP* — CPX. Here are some known results.
Lemma 3.3 (Gromov-Yomdin). h,(f) = klogd.
Theorem 3.4 (Briend-Duval, Lyubich, Freire-Lopez-Mafié). f a unique measure of maximal entropy.

Let p denote the unique measure of maximal entropy for f and define the Julia set J(f) of f to be supp p. Let
M be the set of f-invariant ergodic probability measures on J(f), and M} be the set of those measures in M,
which have positive Lyapunov exponents. Given v € M, there are two constants canonically associated with v: its
measure-theoretic entropy h,(f) and its Lyapunov exponents, which come from the following theorem.

Theorem 3.5 (Oseledet). For some 1 < ¢ < k, there exist xo < xo—1 < --- < x1 such that for v-a.e. x € PX, there
exists a splitting of the complex tangent space T,PX into subspaces

{0} =t (Lost)s C (Lo C -+ C (Ly), := TuB¥
which satisfy Df,(Lj)x = (L;)rx) and lim,_,e 1 log|DfIv| = x; for all v € (L;)y \ (Ljs1)y and 1 < j < €.
Let us define the Hausdorff dimension of v to be
dimy(v) = inf{dimy(X) : X C P¥ is Borel and v(X) = 1}.
We have the following theorem due to Mafé-Manning.

Theorem 3.6. Let f : P! — P' be a rational map of degree d > 2 and v an f-invariant probability measure with

positive entropy. Then we have dimy(v) = LS‘;F(){)V)' where Lyap(v) denotes the sum of v's Lyapunov exponents.

There are some results in smooth dynamics related to this theorem. In dimension 1, this was established by
Hofbauer-Raith and Ledrappier. Given a diffeomorphism f of a compact manifold M to itself, Pesin proved that
h, = xJ for all ergodic probability measures v on M which are absolutely continuous with respect to Lebesgue
measure, where x; denotes the sum of v's nonnegative Lyapunov exponents with multiplicity. Work has also been
done by Young, Ledrappier-Young, and Barreira-Pesin-Schmeling.

Unfortunately, the Maiié-Manning formula fails in higher dimensions. To see this, consider the map (z, w) —
(22, w? + €i) for some small € > 0. This map can be extended to a holomorphic endomorphism of CP?, say, f. Let v;
be the measure of maximal entropy for the i-th coordinator of this map, which exists by Theorem 3.4, and define
v := v1 X V. On the one hand we have

log?2 log?2

dimy(v) = dimpy(vi) + dimu(v2) = TS+ Trapiva)”

while on the other hand we get
hy(f) 2log?2

Lyap(v)  Lyap(v1) + Lyap(v2)’




The Mafié-Manning formula fails because the dynamics of a holomorphic endomorphism f : CP* — CP* is not
conformal for kK > 1, and the Hausdorff dimension does not see this. Therefore, we generalize the Maiié-Manning
formula as follows.

Theorem 3.7 (Bianchi-He). Let f be a holomorphic endomorphism of algebraic degree > 2 and v be an f-invariant
probability measure with positive Lyapunov exponents. Then,”

hy

VOIv) = 5

There are several consequences of this theorem. First, if all of v's Lyapunov exponents are equal, then the
volume dimension satisfies 2VD¢(v) = dimy(v), and we obtain the Mafié-Manning formula. To state the second
consequence, let us define the dynamical dimension DD} (f) of f as

DDy (f) := sup{VDy(v) : v € M (f)}
and the pressure as
P/ (t) := sup{h,(f) — tLyap(v) : v € M[(f)}, P (f):=inf{t € R: P/(t)=0}.
We have the following, which generalizes a result of Denker-Urbanski in dimension 1.
Theorem 3.8 (Bianchi-He). Let f be a holomorphic endomorphism of algebraic degree > 2. Then,
2DDJ (f) = Pf(f).

Given t > 0, a probability measure v on J(f) is t-volume-conformal if, for all Borel sets A C J(f) on which f is
invertible, we have v(f(A)) = [,[lacf|"dv. Let §,(f) be the infimum over the t > 0 such that there exists such a
measure on J(f). Then we have

Theorem 3.9 (Bianchi-He). If f is a hyperbolic holomorphic endomorphism of algebraic degree > 2,° then we have
0,(f) = Pf(f) = 2VDs(J(f)).
Further, there exists a unique ergodic probability measure u on J(f) such that VD¢(u) = VDg(J(f)).

In Lecture 4, we will provide a proof sketch for Theorem 3.7. For the proof of Theorem 3.8 and Theorem 3.9, we
refer the reader to [BH24].

Lecture 4

Today we provide a proof sketch for Theorem 3.7. The curious reader is referred to the second chapter of [BH24]
for more details.

Let v be an f-invariant ergodic probability measure with positive Lyapunov exponents 1 > x2 > --- > x¢ > 0
each with multiplicity k1, k2, . . ., ke respectively. We define

O := {& = (x)) € (P2 : x,41 = f(x,) for all n},

the natural extension of our system. We denote by ¥ the lift of v to O. Denoting by C(f) the set of critical points of
f, or, more precisely,
C(f) := {x € P : Df, is not invertible},

we let
Z:={x€0:x, ¢ C(f) for all n}.

Since the Lyapunov exponents of v are positive, we have ¥(Z) = 1. Finally, we define 7" (xo) = x_.
We can now state the Berteloot-Dupart distortion theorem.

Theorem 4.1. Forevery 0 < 2n <y < xe and V-a.e. X € Z, there exist
(1) an integer ny > 1 and real numbers hy > 1 and 0 < ry, pz <1,

5VDy(v) is called the volume dimension of v, which we'll define in Lecture 4.
6f is hyperbolic if there exists A > 1, C > 0 such that |Df)(v) > CA"|v| for all x € J(f),v € T,Pk.



(2) a sequence {@s.}n>0 of injective holomorphic maps
Gan : B(x_p, rze "V 20) 5 DK (pgam)
sending x_, to 0 and satisfying
"2 d(u, v) < |@sn(u) = @ia(v)] < "V hid(u, v)

for every n € N and u,v € B(x_,, r;e_”(”z”)), and
(3) a sequence {Ls ,},>0 of linear maps from C* to C* which stabilize each

H;:={0} x --- x C% x --- x {0},

satisfy
efnx,+n(yfeta)|v| < |»C)”(n(v)| < efnx,+n(y+l7)|v|

for all n € N and v € H;, and such that the diagram

fs
B(xo, r;) —— B(x_p, rye"(r+2m)

l% 0 rpg,n

D*(ps) S, D*(pge™)
commutes for all n > ny
Moreover, the functions X — h;1 , Iy, ps are measurable and n-slow on Z.”

We now define Z, C Z to be the full v-measure set of points X € Z which satisfy the conditions of Theorem 4.1.
Given X € Z, and n € N, we may also define the dynamical ellipse

Ea(r1, 2. k) i= @y b o B(BY),

where ® : CK — C* is linear with d((ej)x) = rj(4)x where {e;} is a basis of C* and (#))x is a basis of TPk, With
these definitions, we have the following corollary of Theorem 4.1:

Corollary 4.2. For every 0 < € < i, sufficiently small? there exist Z*(€) C Z,, n(e) € N, and r(e) € (0,1) such
that

(1) V(Z5(€) > 1~
(2) ny < n(e) and ry > r(e) for all x € Z;(€), and
(3) forall t, t1,...,t € (0,1], n > n(e), X € Zi(€), and y, w € B(xo, r(€)), we have
(a) e~ (Lyap(v)+ke) < lJac 7" (y)| < e—n(Lyap(v)—ke)
(b) e~kn¢ < |lac f;”(g)”]ac f(w)| ™! < ekne,
(0) &, (tr(e)e="0i7) C £(Ey(tr(e))) C Ex , (tir(e)e™"0—9),
(d) (tr(e ))Zk —2n(Lyap(v )+ke) S Vol(E,_, (tr(e)e™"x)) (tr(e))*ke=2n(Lyaplv=ke) gng
)

<
(8) (tr( ))Zk —2n(Lyap(v)+ke) < VOl(fX ( (XO! tr(e) )) < (tr(e))Zk 72n(Lgap(v)fke).

We can now define the aforementioned U sets. Let

M := log sup sup [DA W)

x€Pk veCk |V| '

which satisfies f(B(xo, r)) C B(f(xo, €Mr)); M is something like a Lipschitz constant. Given N > 0, x € P, and
k,€ >0, the set U = U(N, x, k, €) is such that

(1) fN(U) = B(fN(x), ke=NM¢), and

(2) fN|y is injective.
There is an obvious issue with this definition, in that we do not know if there exist sets satisfying this condition. To
resolve this, define the projection 7 : O — PX by 7(X) = xo. Then we have the following lemma, whose proof follows
from Corollary 4.2.

Lemma 4.3. There exists an exhaustion {Z;(€)}es0 of Z, with Zi(€) — Z, as € \, 0 such that for each fixed e with
0 < € < Xmin, there exists n(e) € N and r(e € (0,1) such that for all x € n(Z;(€)), N > n(e), and 0 < k < r(e), the
set U(N, x, k, €) is well-defined and we have

(1) E (ke NG+EMHNe) C U(N, x, k, €) C & (ke NXi—)),

’Denoting the shift map on O by T, we say that a function f : © — (0, 1] is n-slow if, for all & € O, we have e~"f(R) < f(T (%)) < e"f(R).
8Here xmin denotes the smallest Lyapunov exponent of v.



(2) K2k672N(Lgap(v)+k(2/\/l+‘l)e)) < VOl(U(N,X, K, 6)) < K2k672/\/(Lgap(v)fke), and
(3) for all y,w € U(N, x, k, €), we have e"NCM+Dke < |Jac fN(y)||Jac FN(w)| 7 < eNEMHTke,
We have now built up to defining the aforementioned volume dimension. Letting Y C m(Z,) and € > 0, we put

Y¢:=YNnmn(Z;(e€) and define

k=0 Nf—o00

AE(YE) := limsup lim inf Vol(U))%,
2Y9) p w; (Uy)

where the infimum is taken over all covers {U;} of Y€ with U; = U(N;, x, k, €) for some N; > N* > n(e). The volume
dimension of Y at level € is then defined to be be

VD{ ,(Y€) :=sup{a : A (V) = oo} = inf{a : AL (V) = 0},
where the second inequality can be proven. Next, the volume dimension of Y is defined as

VDy(v) := VDy,,(Y) = limsup VDy ,(Y*),

e—0

where this limsup can be proven to be a lim. Finally, the volume dimension is defined to be
VDy¢(v) := inf{VDy,,(Y) : Y is a Borel subset of 7(Z,) with v(Y) =1}.

Now, given x € n(Z;(€)), 0 < k < r(e), and N > n(e), let us set

a log(v(U(N,X, K, 6)))
Ox(e, k, N) := log(Vol(U(N, x, «, €))

)
We want to show that for v-a.e. x, we have

hy(f
Llim inf lim inf lim inf 0, (€, k, N) = lim sup lim sup lim sup 0, (¢€, k, N) = #
=0 k=0 N—oo e—0 k—0 N—oo 2 Lgap(v)

It suffices to show the following.

Theorem 4.4. Let 0 < € K xmin be sufficiently small. Then, for V-a.e. X € Z}(€) and all 0 < k < r(e€), there exist
integers mq(€,X) > n(e) and ms(e, k) > 0 such that, for all N > m4 (e, X) + ma(e, ), we have
hy(f hy(f
#_CES(;XO(GVK'N)< ()
2Lyap(v)

4 Ce,
= 2lgap(v) T €
where C > 0 is a constant independent of ¢, X, k.

Let us take the following as a given and try to derive Theorem 4.4 from it.

Proposition 4.5. For all 0 < € < xpmin, there exist two partitions Py and P, with h,(f,P1) > h,(f) — € and four
constants bg, br (which are independent of €) and cg, cr > 0 (which may depend on €) such that, for V-a.e. X € Z}(e),
there exists an integer m(e, %) > n(e) such that, for all n > m(e, %), we have E(n) := & (cpe™"0iTPee)) C PN(xp)
and P (xo) C F(n) := &, (cpe "ba=bre)) 9

For all N > n(e) and 0 < k < r(e), define

(x; — N + log(ce)  log(k) J
X+ bre '

N, k) ;= mi
ne(N, k) nf&pl

By Lemma 4.3 and Proposition 4.5, we have that, for every 0 < « < r(e),

nr(N, k) := max [

[xj + (2m + 2)e]N + log(cF) — log(k)'l
I '

Xj — bre

Py N9 (x0) C F(nr(N, €)) € U(N, xo, k. €) € E(ng(N, k) € PN (xg) (4.1)
for all N > m(e, x), and
K2ke—2N(Lgap(v)+k(2/\/l+2)€) S VOl(U(N,Xo, K, €)) S KZke—ZN(Lgap(v)—ke) (42)

for all N > n(e). By (4.1) and the Shannon-McMillan-Breiman theorem, there exist m’(e,X) > m(e, X) and
m” (e, k) > 1 such that

_ o ne(Nk) _ log(v(U(N, xo, K, €))) . ne(N, k)
(hy(f) — 2¢) Nll_}moo —N ¢ < N < (ho(f) +€) /\}L_,moo N +e€ (4.3)
for all N > m'(e, X) + m” (€, k). Further, by (4.2), there exists m” (e, k) > 1 such that
Vi N
2(Lyap(v) — ke) — ¢ < — LIVOUUN X0, K0 D)) 51 o) 4 (2M + 2)e) + €. (4.4)

N
Theorem 4.4 then follows from (4.3), (4.4), and the definitions of ng(N, k) and ng(N, k).

9Here P" is the partition generated by P, f~1(P), f=2(P),..., f="(P).
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